We introduce a so-called restricted, in particular, discrete version of (Banach) Grand Lebesgue Spaces (GLS), investigate its properties and derive the conditions of coincidence with the classical ones.
1 Definitions. Statement of problem. Let (Ω = (ω), F, P) be non-trivial probability space, and let ψ = ψ(p), 1 ≤ p < ∞ be finite continuous strictly increasing positive numerical valued function such that ψ(1) = inf p∈ [1,∞) ψ(p) = 1.
(1)
The set of all such a functions will be denote by Ψ : Ψ = {ψ(·)}. The ordinary Lebesgue-Riesz norm |ξ| p of a r.v. ξ will be defined as usually
Recall the classical definition of the Grand Lebesgue Spaces (GLS). By definition, the random variable (function) ξ : Ω → R belongs to the space Gψ, iff it has a finite GLS norm
The function ψ = ψ(p) is named ordinary as a generating function for the Grand Lebesgue Space Gψ.
These GLS spaces are rearrangement-invariant Banach functional spaces in the classical sense, [3] , chapters 1,2; and were investigated in particular in many works, see e.g. [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [19] , [20] , [21] , [22] , [26] , [27] , [28] , [29] , [30] . Evidently, these spaces are rearrangement invariant Banach functional spaces.
We propose that the classical GLS norm and introduced in Definition 1.1 one are equivalent:
Proof. The left -hand side of (3) is obvious; we must ground opposite one. As long as the measure µ is probabilistic, one can apply the Lyapunov's inequality
Further, it follows from the definition of the value Z[ψ, S] for all the values p, p ≥ 1
We get substituting into the direct definition of the GLS norm
.
It remains to take supremum over p ∈ [1, ∞).
We introduce now as a particular subspace of GLS a so-called discrete version of Grand Lebesgue Space norm for the function ξ(·). Let q = {q(1), q(2), q(3) . . .} be a strictly increasing sequence of real numbers such that
Denote by V = V (q) generating by q partition of semi -axis [1, ∞) :
Definition 1.2. Define the following discrete Grand Lebesgue Space norm ||ξ|| q Gψ for arbitrary r.v. ξ as a particular case of rGLS
and correspondingly rearrangement invariant Banach functional discrete Grand Lebesgue Space
For instance, if
Evidently, the introduced in (4) functional is actually the rearrangement invariant norm.
Let us define the following function.
It follows immediately from Tchebychev-Markov inequality that if 0 = ξ ∈ G q ψ, then
The inverse proposition also holds true. Indeed, if the r.v. ξ is such that
then ξ ∈ Gψ and moreover
see [21] , [22] .
Main result.
We intend to establish in this section that under some natural conditions the ordinary and discrete Grand Lebesgue Spaces coincides up to norm equivalence. Note first of all that the inequality 
Proof. It remains to ground the right-hand side of the proposition (11). Let W < ∞. We have
One can apply the Lyapunov's inequality |f | p ≤ |f | q(m+1) , p ∈ A(m) :
Q.E.D.
Remark 2.1. The proposition of Theorem 2.1 remains true without condition of thee monotonicity of the generating function ψ(·). Namely, it is sufficient to suppose for certain sequence q = {q(m)} the condition (1) and to take instead the value W its modification
if of course both the valuesŴ [q, ψ] common with ||f ||G q ψ are finite. Let G be an unimodular local compact topological group equipped with biinvariant (Borelian) Haar measure µ. Note that we do not suppose here that µ is bounded.
Define as ordinary the convolution between two measurable integrable functions f, g : G → R as follows
The famous Young (or Hausdorff-Young) inequality has the form
where in addition 1 + 1/r = 1/p + 1/q,
see e.g. [1] , [2] , [13] , [17] , [34] . It is proved in [12] , that if the generating function of GLS ψ = ψ(p), 1 ≤ p < b, b = const ∈ (1, ∞] is continuous and such that ψ(1) = 1, then the Grand Lebesgue Space Gψ forms a Banach algebra relative the convolution, see in detail also [14] , [15] , [16] , [18] .
We intend in this section to extend this assertion into the restricted Grand Lebesgue Spaces G (S) ψ, defined before. is also the Banach algebra relative the convolution operation on the unimodular topological group G equipped with the classical Haar's measure µ.
Proof is completely alike ones in [12] . We must only ground the inequality
see [34] , chapter 2.
We can and will suppose without loss of generality ||f ||G (S) ψ = 1 = ||g||G (S) ψ.
One can apply the inequality of Hausdorff-Young (13):
One has |g| 1 ≤ ψ(1) = 1, |f | p ≤ ψ(p), therefore |f * g| p ≤ ψ(p), following ||f * g||G (S) ψ ≤ 1 = ||f ||G (S) ψ · ||g||G (S) ψ,
Remark 3.1.
If the generating function ψ = ψ(p) is not normalized:
then the relation (15) takes the form ||f * g||G (S) ψ ≤ ψ(1) · ||f ||G (S) ψ · ||g||G (S) ψ.
Herewith the condition ∃ ψ(1 + 0) ∈ (0, ∞) is also necessary for the estimate of the form (16) and the constant appears therein ψ(1) is the best possible, still in the particular case S = [1, ∞), see [12] .
Concluding remarks.
A. It is interest by our opinion to generalize obtained in this report results into the measurable sets having an infinite measure, as well as to consider the case when the support of the generating function ψ(·) is bounded:
B. It is interest by our opinion to generalize also offered here notions and estimates into the mixed (anisotropic) Lebesgue-Riesz spaces, to obtain for instance the CLT in these spaces, in the spirit of an article [32] .
